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(^ ■ Abstract 

The Hamiltonian analysis for the Chern-Simons theory and Pontryagin invariant, which depends 
^ ' of a connection valued in the Lie algebra of SO{Z, 1), is performed. By applying a pure Dirac's 

cn : 

^v^ , method we find for both theories the extended Hamiltonian, the extended action, the constraint 



o 






algebra, the gauge transformations and we carry out the counting of degrees of freedom. From 



[~^ ■ the results obtained in the present analysis, we will conclude that the theories under study have a 

o ■ 

closed relation among its constraints and defines a topological field theory. In addition, we extends 



the configuration space for the Pontryagin theory and we develop the Hamitonian analysis for this 
modified version, finding a best description of the results previously obtained. 



H : I. INTRODUCTION 

Presently, the study of topological field theories is a topic of great interest in physics. The impor- 
tance to study those theories rise because shares a closed relation with General Relativity. Topo- 
logical field theories are characterized due to they are devoid of local physical degrees of freedom, 
background independent and invariant under diffeomorphisms [1]. Relevant examples of topological 
field theories with closed symmetries to General Relativity are the called BF theories. BF theories 
were introduced as generalizations of three dimensional Chern-Simons actions or in other cases, can 
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also be consider as a zero coupling limit of Yang-Mills theories [2, 3]. We can find in the literature 
several examples where BF theories comes to be relevant models, for instance in alternative formu- 
lations of gravity such as the Plebahski or Macdowell-Mansoury. Plebahski's formulation consists in 
to obtain General Relativity by imposing extra constraints on a BF theory with the gauge group 
50(3,1) or 50(4) [4]. On the other hand, MacDowell-Maunsouri formulation of gravity consists 
in braking down the 50(5) symmetry of a BF-theory from 50(5) group to 50(4), to obtain the 
Palatini action plus the sum of second Chern (or Pontryagin class) and Euler topological invariants 
[5]. Because those topological classes have trivial local variations that do not contribute classically 
to the dynamics, we thus obtain essentially general relativity [6]. 

Other interesting theories reported in the literature with a closed relation to BF theories, can be 
found in the next relation among two functionals by means of [7] 

/ d{A" AdAij + lA"" AAklAA^j)^^ f R[A]AR[A], (1) 

where the left hand side can be identified with the Chern-Simons functional and the right hand side 
with the Pontryagin class. Here, A^"^ is a one-form valued in the Lie algebra of 50(3, 1) and R^"^ is 
the two- form curvature (see below). As we can see, both the Chern-Simos and Pontryagin actions 
are related since the exterior derivative of the former generates the latter [7]. We can observe in 
the relation (1), that the Chern-Simons functional is defined on the boundary of a four dimensional 
manifold M4, while Pontryagin class is defined on M4. The study of the Chern-Simons functional 
has been a topic of several works because basically describes General Relativity in 3 dimensions and 
its quantization has been worked out [8]. Furthermore, by using the Chern-Simons functional we 
can construct a wave function that corresponds to an exact state of the Schrodinger equation for 
Yang-Mills theory in four dimensions [9]. In addition, we can find a recent work where the Chern- 
Simons state describes a topological state with unbroken diffeomorphism invariance in Yang-Mills 
and General Relativity [10]. In the loop quantum gravity context, that state is called the Kodama 
state and has been studied in interesting works by Smolin, arguing that the Kodama state at least 
for the Sitter spacetime, loop quantum gravity does have a good low energy limit [11]. On the other 
hand, the Pontryagin invariant is another interesting topological field theory [12, 13] and has been 
topic of study in recently works because is expected to be related to physical observables, as for 



instance in the case of anomalies [14, 15, 16, 17, 18, 19]. 

With these antecedents in mind, the purpose of this paper is to report a pure Dirac's method of 
constrained systems appHed for the actions involved in the relation (1), vifhich is absent in the liter- 
ature. There are several reasons to develop this work. The first one, we will perform a pure Dirac 
analysis which means that we will work with the full configuration space and therefore with the full 
phase space. In other words, we will consider all the set of one-forms "A^'^" that defines our theories 
as dynamical ones. Thus, with the present study we will be able to known the relation among the 
actions at Lagrangian level as well as at Hamiltonian level. With the analysis at hand, we will can 
identify the relevant symmetries for both theories for example, the constraints, the extended action, 
the extended Hamiltonian, the constrained algebra and the gauge transformations. In particular, 
with all the constraints classified as first or second class, we will be able to carry out the counting 
of the physical degrees of freedom. The second one, with the present analysis we wish to report a 
complete study of the relation among the constraints that there exists in the Chern-Simons theory 
and the constraints for the Pontryagin invariant. We can find in recent results by developing Dirac's 
quantization or covariant canonical program for the Pontryagin invariant, that the Chern-Simons 
wave function represents a quantum state for theory [12, 13], but the analysis reported in [12, 13] 
has been developed on a smaller phase space and the full constraints program was not performed. 
Therefore, the results of this paper intend to extend and complete these results by performing a 
complete Dirac analysis where we shall work with the full phase space reproducing in particular 
the results found in [12]. It is important to remark, that usually can be found in the literature the 
Dirac's analysis applied to several theories [20] , but generally the way to perform the study is on a 
smaller phase space context, this means that the dynamical variables are considered as those vari- 
ables that occurs with temporal derivative in the Lagrangian density [21]. However, is not common 
to find a pure Dirac's method (working with the complete phase space) for field theories [22]. The 
principal reasons for studying the Hamiltonian formalism under a smaller phase space context and 
not carried out on the complete phase space, is because the separation of the constraints into first 
or second class is not easy to carry out. In this manner, in the literature we find that the people 
prefer to work on a smaller phase space context because generally there are present only first class 
constraints and is common to avoid the difficult part of the separation among the constraints. The 



price that we pay by work on a smaller phase space context is that we can not neither know the 
complete form of the constraints, the complete form of gauge transformations defined on the full 
space phase nor the complete algebra among the constraints for the theory under study. Of course, 
by working with the full configuration space we can reproduce the results obtained by working on a 
smaller configuration space. 

In this manner, because of the previous explanation in this work we will perform a pure Dirac 
method for the theories expressed in (1), obtaining as relevant results the complete identification of 
its symmetries. All this part will be clarified along the present work . 

The paper is organized as follows: In the Section II we will perform by using a pure Dirac method 
the Hamiltonian analysis for the Chern-Simons action. We will identify the full constraints for the 
theory, the extended action, the extended Hamiltonian, the gauge transformations and we will carry 
out the counting of degrees of freedom, concluding that this theory is devoid of degrees of freedom 
as is expected. In particular, we will show the way to identify the first and second class constraints 
and then compute the algebra among them. In Section II we will develop the Hamiltonian analysis 
for the Pontryagin invariant expressed as in (1). We will find the extended action, the extended 
Hamiltonian, the full constraints program, the gauge transformations and the counting of degrees 
of freedom, allow us to conclude that the theory is a topological field theory too. As important 
part of this section, we will find that contrary to Chern-Simons theory the Pontryagin invariant 
presents only a set of first class constraints. In Section HI we will extend the configuration space 
for the Pontryagin invariant and we will perform the Hamiltonian analysis for this modified theory. 
As important result that we will find in this section is that we will have a best description than the 
results obtained above, but the price to pay for this description is that contrary to Section II, now 
we will have the presence of first and second class constraints. In particular, we will reproduce the 
results found previously considering the second class constraints as strong equations. 

I. Hamiltonian dynamics for the Chern-Simons term 

In this section, we will perform the Hamiltonian dynamics for the Chern-Simons term which will be 
expressed by [12] 

S[A]c-s = t: / A'' A dAu + -A^^ A Akl A A^/, (2) 



here, A^"^ — A^^'^ dx^ is the Lorentz connection valued in the Lie algebra of 50(3, 1), /i, z^ == 0, 1, 2 
are spacetime indices, x^ are the coordinates that label the points for the 3-diniensional Minkowski 
manifold M and I, J — 0, 1.., 3 are internal indices that can be raised and lowered by the internal 
Lorentzian metric rju — (—1, 1, 1, 1). 

We start computing the Euler-Lagrange equations obtained from the variation of the action (2), 
which are given by 

e'^^'-Fp.ij = 0, (3) 

where, Fp^j^u — dfjA^u — d^Ajju + A^^iKAf^^ j — A^jkA^^ j. The equations of motion (3) whose 
solutions corresponds to the space of flat connections, will be useful to identify the gauge transfor- 
mations for the theory, work that will be developed below. 

Now, we will consider that the manifold M has a topology S x i?, where S corresponds to a Cauchy's 
surface. By using this fact, we perform the 2+1 decomposition in the action (2) obtaining 

S[A]c-s - / l^e'^'^'Ao'^Fabij + ^e'>-'A,''Aaij] dx\ (4) 

where Fabij = daAbij - dbAaij + Aai^A^Lj - Ati^AaLJ, with a,b,c = 1,2. From (4) we can 
identify the next Lagrangan density for the Chern-Simons theory 

L. — —e Aq rabij + -^e Ab Aaij- yo) 

At this step, it is common to find in the literature that the Hamiltonian analysis for the action (4) is 
performed on a smaller phase space context. This means that the dynamical variables are considered 
those one- forms A^'^'s that occurs in the action with temporal derivative; in others words, the follow 
12 one- forms -^Aaij are identified as dynamical variables for the action (4), and the rest 6 one- forms 
— >j4o^'^ are identified as Lagrange multipliers. Nevertheless, in this work we will develop a pure Dirac 
method which means that we will consider our dynamical variables the set of A^ ''''&— (Aq/j, Aq^'^) 
that defines our theory. Therefore, a pure Dirac's method calls for the definition of the momenta 
(n"/j) canonically conjugate to {Aa'^'-') 



The matrix elements of the Hessian 



(7) 



ddMc.'')ddMp"y 



are identically zero, the rank of the Hessian is zero, thus, we expect 18 primary constraints. From 
the definition of the momenta (6) we identify the next 18 primary constraints 

A,7 := nV;«o, 

^jj := n^j - |e0"%7j « 0. (8) 

We can observe that by working on a smaller phase space context (the dimension of this smaller 
space is 24, 12— >y4a/j and its respective momenta) the first constraint related with cfi'^ij is not 
taken in to account. However, the purpose of this paper is to work with the full phase space and 
therefore with the 18 primary constraints (8). May be for the lector is not relevant this part, but 
once finished the analysis for the Chcrn-Simons and Pontryagin theory, we will be able to appreciate 
the advantage to perform a pure Dirac method, because we will can identify the extended action, the 
extended Hamiltonian, the complete form of the constrains and the algebra among them. The correct 
identification of the constrains is very important because can be used to carry out the counting of 
the physical degrees of freedom. On the other hand, constraints are the guideline to make the best 
progress for the quantization of the theory. We need to remember that the quantization scheme 
for theories as Maxwell or Yang-Mills can not be directly applied to theories with the symmetry 
of invariance under diffeomorphisms (as for instance topological field theories) because we can lose 
relevant physical information [12]. 
By following with the method, the canonical Hamiltonian for the Chern-Simons system is given by 



Hr = dx 



A^^'W^ij-C 



= — dx 



^ A IJ^Oabp 
-^^0 e ^ablj 



(9) 



In this manner, the primary Hamiltonian will be constructed by adding the primary constraints (8) 
to (9), this is 

Hp=Hc+ f dx" [\'\(lPlJ + X^a^Ij] , (10) 

where A^'^o and A^'^a are Lagrange multipliers enforcing the constraints. The non-vanishing funda- 
mental brackets for our theory are given by 

{A„"(x),H^Ki(y)} - 1^^ {5'k5'l ~ 5\5' k) 5\x - y). (11) 

Now, we compute the 18 x 18 matrix whose entries are the Poisson brackets among the constraints 



(8) 

{cjPl.j{x),cjPKL{y)} - 0, 

{0°/j(2;),0VL(y)} = 0, 
{r/j(2;),0VL(y)} = 0, 

{rij{x),cj>\L{y)} - ^e^''\mLV.JK~mKVJL)5\x-y), (12) 

we can appreciate that this matrix has rank=12 and 6 hnearly independent null-vectors. By using 
the 6 null- vectors and consistency conditions we arrive to the next 6 secondary constraints 

0V7-{Aj(2;),i/p}«O ^ ^,,, :^ IgO^^F^fc^j « 0. (13) 

Consistency requires that their conservation in the time vanish as well. For this theory there no, 
third constraints. Now, we need to identify from the primary and secondary constrains which 
ones corresponds to first and second class. For this aim, we need to calculate the rank and the 
null- vectors of the 24 x 24 matrix whose entries will be the Poisson brackets among primary and 
secondary constraints, this is 

{0°7j(x),0VL(y)} = 0, 
{0"zj(x),0VL(y)} = 0, 

{4Pi.j{x),-^KLm = 0, 

{rjj{x),<f>\L{y)} = 0, 

{rij{x),^''KL{y)} = ^e"'^'{mLVJK-mKVJL)SHx-y), 

{4'''ij{x),'i'KL{y)} = ■jje""''! iVKiriLJ - Vkjiili) dbS'^{x - y) + {riKjAbiL - 'nKiAbjL)S'^{x - y) 
- ivLiAbKj -VL.iAbKi)S^{x-y)y (14) 

this matrix has rank=12 and 12 null- vectors. From the null vectors we can identify the next 12 first 
class constraints 

7°/J := 0°7J~O, 
lij ■■= ^ij + DariJ-0, (15) 



Here, we can identify that 7/j takes the role of Gauss constraint for the Chern-Sinions theory. On 
the other hand, the rank yields to identify the next 12 second class constraints 



X ij ■-- 



ij 



0. 



(16) 



The correct identification of first and second class constraints allow us to carry out the counting 
of degrees of freedom in the next form; we have 36 canonical variables (Aq,^'^,!!"/,/), 12 first class 
constraints (7°/j,7/j) and 12 second class constraints (x"/,/) which yields to conclude that Chern- 
Simons theory is devoid of degrees of freedom. Therefore, defines a topological field theory. 
To compute the algebra of constraints is convenient to smear them 



k := lij [B] - f dx^B" [^ij + Da^'' 
^3 := x"ij[C]= f dx^Cj' 



na ^Oab A 

IJ - -^^ Am. J 



(17) 



KLI 



In this manner, the algebra is 

{cb,[B"],^,[Ca^^ 



= 0, 
= 0, 
= 0, 



ldx^B'KG^-'-B'KG^']jjj^O, 

I dx^ [B^KGa'"' - B-'KCa""'] X"/J « 0, 



= -^ I dx^e"-^ [CaljGb" - ChljGa"] 



(18) 



where we can see that the algebra is closed. 

By identifying the first class and second class constraints, we can find the extended action given by 



SeIAc ,n"/,/,Ao ,A 



IJ \IJ] 



dx^ 



n"ijAo'-' + n-ijAa" -h- Ao"7"/j - >^'-'iij 



vJ^X^ij 



(19) 



where H = —Ac/'^-yij, which is proportional to Gauss first class constraint, and 

i/B-i7 + Ao^V/.7 + A"7/J, (20) 

being the extended Haniiltonian, which a linear combination of first class constraints. As we known, 
the equations of motion obtained from the extended Hamiltonian are not equivalent with Euler- 
Lagrange equations, but the difference is unphysical [7]. 

Now, we shall compute the equations of motion obtained from the extended action (19), which are 
given by 



SA„" : ri°,,; 


= 


7/J, 


Sn"jj : Ao" 


= 


Ao", 


sn-jj : Aa" 


== 


Da{Ao"-X")+' 


6Aj'' : ri"/j 


== 


le^'^^yuj-le^'^d 




+ 


(Aoj^ - Aj^)n^, 


<5Ao^-^ : 7°/./ 


= 


0, 


a" : 7/J 


= 


0, 


Sva" : x"/,7 


^ 


0. 



IJ 



(21) 



I.I Gauge generator 

One of the most important symmetries that we can study by using the Hamiltonian method, are the 
gauge transformations. Gauge transformations are an important symmetry, because they can help 
us to identify physical observables [20]. Thus, we need to know explicitly the gauge transformations 
for our theory. For this aim, we will apply the Castellani's algorithm [20] to construct the gauge 
generator. We define the generator of gauge transformations as 

G^ I dx" {DoSo'-'i°ij + e'-'jij) , (22) 

thus, we can identify the next gauge transformations on the phase space 

SAo'' = Doeo", (23) 



5A,''' 


= -D,e", 


sn"jj = 


= -e/n"„ + £,/n" 


sn'^ij = 


= ^e°'"ab£/j + n"/£ 



(24) 

LI, (25) 

eL/ - n^^eij. (26) 

On the other hand, we know that Chern-Sinions theory shares the symmetries of general relativity 
[8] namely, background independence and diffeomorphisms. So, we can formulate the next question; 
what about the diffeomorphisms in our theory?. Apparently diffeomorphisms are not an internal 
symmetry, but that is not true at all because we can take Eq^"^ = — e^'^ and introducing the new 
gauge parameters as [7] 

e" = -CA^", (27) 

we obtain 

A^'-' ^A^" + C^A/^ + CF^,a". (28) 

Therefore, diffeomorphisms corresponds to an internal symmetry of the theory. 
As conclusion of this part, we have performed the Hamiltonian analysis for the Chern-Simons the- 
ory by working with the complete configuration space. With the present analysis, we have obtained 
the extended action, the extended Hamiltonian, the full constraints program and the algebra among 
them. With all these results at hand, we could confirm that Cher-Simons action is a topological field 
theory and shares symmetries with General Relativity as for instance, diffeormorphisms as gauge 
transformations. It is important to note that this theory presents a set of first and second class 
constraints. However, we will see in the next section that Pontryagin theory presents only a set of 
first class constraints and reducibility conditions among them. This fact will be important because 
Pontryagin theory is defined in four dimensions. Nevertheless, we do not lose the symmetries of 
Chern-Simons theory which is defined in three dimensions. This fact will be clarified below. 



II. Hamiltonian dynamics for the Pontryagin invariant 

In this section, we will perform a pure Hamiltonian dynamics for the Pontryagin invariant [12, 23] 
which is absent in the literature. 
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We start with the Pontryagin aetion expressed as the action (1) 

S[A] ^a f R'-'[A] a Rij[A], (29) 

Jm 

where _R^'^[A] == ^R^^^'^dx^^ A dx^ is the curvature of the 5*0(3, 1) 1-forni connection A^^'^ with 
Rf_iJ'' ~ dp^Aiy^'^ — dvA^^"^ + A^^^ Ai,k'^ — A,^^^ A^k'^ . Here, /x, z^ = 0, 1, .., 3 are spacctinie indices, 
x'' are the coordinates that label the points for the 4-dimcnsional Minkowski manifold M and 
I, J = 0, 1.., 3 arc internal indices that can be raised and lowered by the internal Lorentzian metric 

77,J = (-1,1,1,1). 

The equations of motion obtained from the variation of the action (29) are given by 

DR ^ 0, (30) 

where we can see that these equations corresponds to Bianchi identities. 
By performing the 3 + 1 decomposition of (29) we find 

S[A] ^a fdt f dx^rj-'-Rb.jj (AJ' - DaAo'') , (31) 



here, a,b,c = 1,..,3, Rabij = daAbij - dbAaij + Aai^AbLj ~ Abi^AaLj and Da^b^"' = daAi'^ 



Ai^AbK' + Aj^Ab'- 



^b 
i-bK~ -+- ^a~" ^b' K- 

From (18) we can identify the next Lagrangian density 

C = ar^'^'-Rbcij [Aa" - DaAo'-') . (32) 

Just as in the last section, a pure Dirac's method calls for the definition of the momenta (11"/,/) 

canonically conjugate to {Aa^"^) 

n"/7 = ^^. (33) 

6AJJ ^ ' 

The matrix elements of the Hessian 

are identically zero, the rank of the Hessian is zero, thus, we expect 24 primary constraints. From 
the definition of the momenta (33) we identify the next 24 primary constraints 

A.7 := nO//«0, 

rij ■■= Tl-ij-afj'"''RbciJ-0- (35) 
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Neglecting terms on the frontier, the canonical Hamiltonian for the second Chern class system is 
given by 

Hc^-f dx''Ao"DaIl''ij. (36) 

In this manner, we add the primary constraints to identify the primary Hamiltonian, given by 

Hp = H,+ f dx" [\'\<fij + \"ariA , (37) 

where A^-'o and X^'^ a are Lagrange multipliers enforcing the constraints. The non-vanishing funda- 
mental brackets are 

{Aj''{x),Ilf^KL{y)} = ^6^ {6'k6\ - 5'l5-'k) 5\x - y). (38) 

Now we compute the 24 x 24 matrix whose entries are the Poisson brackets among the constraints 
(35) 

{</'°/,7(2:),0VL(y)} = 0, 

{//,/(x),0VL(y)} = 0, 

{0^j(x),0Vl(j/)} = 0, 

{rij{x)A''KL{y)} = 0, (39) 

we can observe that this part is quite different respect to Chern-simons theory because the entries 
of the matrix (39) are all equal to zero. This means that we can determine all the values of the 
Lagrange multipliers al most weakly [20]. However, consistency allow us to identify the next 6 
reducibility conditions 

0°7J = {Aj(x),ifp}«O => */,/:= Z?aH"/j w 0, (40) 

where can be identified as the Gauss constraint for the theory. In addition, for this theory there no, 

third constraints. 

To compute the algebra among the constraints is convenient rewrite them as 

</)! := fij[A]^jdx''£'lfij, 

h := jij[B]^ Jdx^B'''[DaIl'^ij], 

h ■■= rij[C]= Jdx^Ca"[U''ij-ar^'''>-Rbcij], (41) 
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In this manner, the algebra is 

[cj>i[BIJ],cj)2[G" 



KLl 



= 0, 
= 0, 
= 0, 



Jdx' [B^KGa'"' - B-'KCa""'] -^ IJ ~ 0, 



0, 



(42) 



where we can see that the constraints form a first class set. The identification of the constraints 

allow us carry out the counting of degrees of freedom as follows: We have 48 canonical variables 

(Aq,^'^, n"/j) and 30 first class constraints (7°/,7,7"/j,7/,7). However, Bianchi's identities DR — 

implies 6 reducibility conditions among the constraints given by Daj'^ij — "fij- Therefore, there 

are 24 independent first class constraints, this allow us to conclude that the Second Chern invariant 

is devoid of degrees of freedom and defines a topological field theory too. 

It is important to note that while in Chern-Simons theory there are present second class constraints 

in Pontryagin there are not. Thus, Pontryagin theory preserves the topological symmetry with only 

first class constraints and the reducibility condition (40). 

With all these results at hand, we can identify the extended action which is given by 



/./ \iJi 



dx' 



nO/ji, 



ij 



Ii^jA,''-H 



(43) 



SeIAu ' ,n"/j,Ao ' ,Aa ■ ,A 

- Ao 7 IJ - Aa 1 IJ - A ^IJ 

where H = —Ao^'^Dall°'ij =■ —Aq^'^ju, and is a linear combination of Gauss constraint. From the 
extended action we can identify the extended Hamiltonian given by 

H + Xo''l"ij + Xj'riJ + X"lij. 



Hi 



(44) 



where is a linear combination of first class constraints. Now, we shall compute the equations of 
motion obtained from the extended action (43), which are given by 



SAo'' : il^ij 



liJ, 
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6n-ij:Aa" = Da{Ao''-X'')+Xa", 

SXa":^"!.; = 0, 

,5A":7/j = 0. (45) 

II. I Gauge generator 

As we have showed, our theory presents a set of first class constraints. In this manner, we will have 
the presence of gauge transformations. We will proceed to identify the gauge transformations for 
the system by applying the Castellani's algorithm, constructing the follow gauge generator 

G = Jdx^ [Doeo'''j"ij + eJ-'^iJ + e'-'lu] ■ (46) 

Thus, the gauge transformations on the phase space are given by 

6Ao" = Doeo", 

m^j = ary^'^^bec/j + n^Ke/'^-n^^e,^. (47) 

We can see that in correspondence with the Chcrn-Simons theory, diffeomorphisms are not present 
in these gauge transformations. However, we introduce a set of new gauge parameters eo^'^ = s^'' = 
—^''Ap^'' and e^^'^ — — ^''i^£f , allowing us rewrite the gauge transformations as 

<'^^/' + AV^ (48) 

which corresponds to diffeomorphisms. Therefore diffeomorphisms corresponds to an internal sym- 
metry of the theory. It is important to observe, that the Pontryagin invariant which is defined in four 
dimensions inherit the principal symmetries of Chcrn-Simons theory defined in three dimensions, as 



14 



for instance the invariance under diffeomorphisms. In this manner, because of Pontryagin is defined 
in four dimensions its quantization study could be a good attempt to understand the constrained 
gravitational field because we have at hand similar symmetries. However, we need to be careful 
because Pontryagin invariant is a topological field theory such as has been showed in this section 
while general relativity is not, because there exists two degrees of freedom per point of the space 
[23]. 



III. Hamiltonian dynamics for modified Pontryagin invariant 

We will complete the analysis of this work by performing a pure Dirac analysis for a modified version 
of Pontryagin theory. In particular, we shall reproduce the results discussed above. 
For our purposes, we will work with the next action [12] 

S[A, R]^a f ^R^' A Ru - Rij A (dA" + A^ k A A^-^). (49) 

J M 2 

Now, we will consider that the l-forni A^'^ and the two-form R^^ represents our new independent 

set of dynamical variables. We can see with this election of variables, that we have extended the 

configuration space respect to Pontryagin theory and therefore, by performing the Hamiltonian 

analysis we will extend the phase space. The equations of motion obtained from the action (49) are 

given by 

R^' = dA^-^ + A^K^A'^■\ 
DR" = 0. (50) 

By using the equation of motion (50) in (49) we can eliminate R, obtaining the same action (29) 
and the equations of motion (30) [23]. In this manner, the following question rise; will be the same 
symmetries for the action (49) those found above for the action (29)?. Our answer at Lagrangian 
level can be yes. However, at Hamiltonian level we need to be careful because of two systems sharing 
the same equations of motion, not necessary yields to the same symmetries and symplectic structures 
[12] (see [24] as well). Therefore, we will answer the question by performing a pure Dirac method 
for the action (49 ) and then, compare the results with those obtained above for Pontryagin theory. 
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From now on, to avoid confusion with Pontryagin action, we will refer to the action (49) as modified 

Pontryagin theory. 

By performing the 3+1 decomposition for the modified action (49) we find 



S[A, R]= I dx^ I dt 



-^V Hoal.J (-r he — Ubc j + "^ 



r'^Rkc" Aj' - DM' 



(51) 



where we identify with Fabij — daA^jj — d^Aaij + Aai^A^Lj — A^j^AaLj the two-form curvature. 
For this modified theory we have a set of (A^^'^, R^'^p) = 60 dynamical variables, so Dirac's method 
calls for the definition of the momenta (n"/j, II^'^/j) canonically conjugate to {Aa''\R''' ^^) 

5C 



The matrix elements of the Hessian 






5AJJ' 

sc 



d^c 



(52) 



(53) 



did^iAj-'))d{d^{A^")) ' d{d^{Ao,'J))d{d^{Rp.'J)) ' did^{Rp.'''))d{d^{R^,'-')) ' 

are identically zero, the rank of the Hessian is zero, thus, we expect 60 primary constraints. From 
the definition of the momenta (52) we identify the next 60 primary constraints 



lOa 



IJ ■ = 

IJ '■ = 

IJ '■ = 
IJ 



U^j 



0, 



n"/j - 2 ^ '^fcc/j « 0, 
n""/j « 0, 



2.6 TT^^ 



IJ 



(54) 



For the system under study, the canonical Hamiltonian is given by 



Hr 



dx'^ 



-i^o^i^aH^J + R^a" (n"7j - ^ri'^^^FbcIJ 



(55) 



In this manner, with the canonical Hamiltonian and the primary constraints at hand, can be identify 
the primary Hamiltonian expressed by 



Hp = H,+ dx^ \\'\4>Ij'' + \"a^IJ^ + Aoa'^0""/,7 + Kb^r'^Ij] , 



(56) 
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where A^'^o, A^'^a, Aoa^'^ and Xab^'^ are Lagrange multipliers enforcing the constraints. 
For the theory under study, can be identified the next non- vanishing fundamental brackets 

{R^J-'{x), n"^'KL{y)} = J {S"^S^. - <5".<5^p) {6'k6-'l - 6' lS' k) S'{x - y). (57) 

Now, we need to identify if our modified theory presents secondary constraints. For this aim, we 
compute the 60 x 60 matrix whose entries are the Poisson brackets among the primary constraints 

(54) 

{0/,7°(a;),0KL°(2;)} = 0, 

{cj,jj'>{x),rKL{y)} - 0, 

{<l)i/ix),^'-KLiy)} = 0, 

{hj'{x),^''''KL{y)} = 0, 

{4>ij''{x),rKL{y)} - 0, 

{^ij^ix),^'>-KL{y)} = 0, 

icd / \T *^ ^o,cd 

P /-- — 

{0,/«(x),0"Vi(2;)} = 0, 
{^jj^^x),^^''KL{y)} = 0, 
{^jj'^\x),^^''KL{y)} = 0, 

(58) 

this matrix has rank= 36 and 24 linearly independent null-vectors. Consistency and the null vectors 
yields to identify the next 24 secondary constraints 

^°ij = {(b°ij{x),Hp}^0 ^ V/J := ^aH^j « 0. 

a 
— ( 
2 



{0/,/(x), cj^'^KLiy)} - -jv""'' [riiKVJL - mHVJF) 6'(x - y), 



h^-jj = {(f>"-ij{x),Hp}^0 => VA,,; := n^j - -e^'-^Fb^.j « 0, (59) 



and the next values for the Lagrange multipliers 
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- |r;-'^A,rf/j « 0, 
r''iJ^{r\.i{x),Hp}^Q => r^-'-X,ij^O. (60) 

Consistency requires that the conservation in the time of the constraints vanish as well. For this 
theory there no, third constraints. At this point, we need to identify from primary and secondary 
constrains which ones corresponds to first and second class. For this purpose, we need to calculate 
the rank and the null- vectors of the 84 x 84 matrix whose entries will be the Poisson brackets among 
primary and secondary constraints, this is 

{<l>"ij{x)A°KL{y)} = 0, 
{cj^'ij{x),rKL{y)} = 0, 

{<l)'ij{x),r\L{y)} - 0, 

{(f>"ijix),,PKL{y)} = 0, 

W'ij{x),^'-KL{y)} = 0, 

{rij{x),rKL{y)} = 0, 

{0^j(x),0°«KL(y)} = 0, 

{riAx),^'''KL{y)} = -jV^''{mKri.jL-mLri.jK)5\x~y), 

{ru{x). ipKLiy)} = -\ [^"-jLVKi - ^"-iLmj + ^''k.jvli - ^"^ KimA 5Hx - y), 

{0''7j(x), ■0"''kl(2/)} = '^v"'^''\dc5^{x - y) (t^kiVlj - VkjVli) + {^cIlVkj - ^cJlVki) S^ix - y) 

+ {^cKiriLJ - OJcK.JVLl) ^^{x -y)>, 

{^'-ij{x),^^\L{y)} - 0, 

{^''%J{x),^PKL{y)} = 0, 

{0°^j(x),V;°VL(y)} = 0, 

{r'ij{x),i'KL{y)} - 0, 
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{r'ij{x),i^"'KL{y)} = 0, 

{'4'ij{x),ipKL{y)} = ■^{ipuVKi + 1PJKVL1 + ipiLVKj + i^Ki'nLj)S^{x -y) ^0, 

{V'"^j(x),^"VL(y)} - 0, (61) 

this matrix has rank=36 and 48 nuh- vectors. From the null vectors we can identify the next 48 first 
class constraints 

7°/./ := n"/,7«0, 

7/j := DaH'^IJ - {Tl'''l''RabFJ - Tl^'j^'RabFl) « 0, 

7%j := n-ij-^7j-'-Fhcij + 2Dhn-'jj^0, (62) 

We can observe, that the third equation of (62) can be identified as the Gauss constraint for this 
extended Pontryagin theory. On the other hand, the rank of the matrix (61) yields to identify the 
following t 36 second class constraints 

X^^'ij := n-'ij^O. (63) 

The identification of first and second class constraints will allow us to carry out the counting of 
degrees of freedom; we have 120 canonical variables (Aq-^"^, i?^^^-',n"/j, II^'^/j), 48 first class con- 
straints (7°/,7,7°''/j,7/j,7°°/j) and 36 second class constraints (x°/j, x"''/./). However, just as 
for Pontryagin theory Bianchi's identities DF = implies 6 reducibility conditions among the first 
class constraints. We can see that for the modified Pontryagin theory, reducibility conditions has 
a longer expression than Pontryagin (see (40)): Daj^^ij - jij - {x"'' i^ RabF j - x'^^j^RabFi) - 
2DaD\jx"^^ ij = 0. Therefore, we have 42 independent first class constraints. By using this fact, the 
counting of degrees of freedom yields to conclude that this modified Pontryagin theory is devoid of 
degrees of freedom and defines a topological field theory too. It is important to remark that we can 
reproduce the results found for the action (29) by considering the second class constraints (63) as 
strong identities, thus, the constraints (62) will be reduced to (41). 
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By following with the method, we need to compute the algebra of constraints, for this fact it is 
convenient rewrite them as 



Pi ■■= 



— '^fl 



j"u[A]=Jdx^A"[n"jj], 



h ■■= 



IIJ [C] ^ fdx^Ca" [DaW'lJ - (W^'l^Rpjab - W"" j^ Rpiab)] 



h ■■= X" 



rij[F]= j dx^'Fa" 



J dx'GoJ-' [n"/j - ^e-'^Fbcij + 2Dbn-' 



ij 



na '^ nhc jylJ 



be 



p6 := 



Thus, the algebra of constraints is given by 



{<P,[A"],^,[Bo,^^] 
{^,[A"],^,[F,'<^] 

{02 [Boa"], 02 K^^] 

{02[Boa"],03[C^1 

{02[Boa"],04[Doh^^] 

{02[i?Oa"],05[Ffc^1 

{02[Boa"],06[Gcd^''] 

{03[C"],03[C'^^] 

{03[C"],04[Do.^^] 



= 0, 

= 0, 

= 0, 

= 0, 

= 0, 

= 0, 

= 0, 

= 0, 

= 0, 

= 0, 

= 0, 



I dx^lC'^'C'j,' -C'^'Ck'] 



V\ IIJ « 0, 



j dx^ [C^^Doai^-' - C'^^DoaK^] 7°"/J ~ 0, 



(64) 
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{h[C"],<f>,[Fa''^]] 


i ^ y 


{03[C"],06[Ga6^^]' 


• = 


{04[Doa"],</'4[D^fc^^]' 


• = 


{04[Doa"],05[i^fc'^'^] ' 


• = 


{(/)4[Doa"],06K/'^]' 


• = 




• = 


{'/'S [^a"] >6 [Glfc^^] 


. = - 


{ 06 [Gab"], 06 [G',^'^'']' 


■ = 



Jdx' [&^FaK' C^'^FaK'] X"/,/ « 0, 



^r'' Jdx' [F^khG,,''" - F^KHGa,^"] 



(65) 

where we can see clearly that (62) and (63) form a first and second class constraints set respectively. 
It is important to observe, that the algebra among the constraints for this modified Pontryagin 
theory shares a closed relation with the constraint algebra for the Chern-Simons theory (18) (see 
the Poisson's brackets between 03, 04, 05 of (65) and 02, 03 of (18)). In addition, now this modified 
theory presents second class constraints as well. 

With all these results at hand, we can use the Lagrange's multipliers values (60), the first class 
constraints (62) and the second class constraints (63) to identify the extended action for the theory 
expressed by 



bs [Aa ,11 ij,Kfj,iy ,11'^ ij,ua ,uaa ». . i 



ia'''n"/.7 + RoJ-'lf^'lJ 



,U ,Ua ,Va ,Vab 

+ Rab"lV''\.j -H- m"j°ij - uoJ-'j°''ij - u'^'jij - uj-'j°''ij - vj-'x^'ij - vab"x''''ij}dx\ 

(66) 



where H is only linear combination of first class constraints 

H = ^Ao'' [Dall-IJ - {n-'l^RabFJ - n-'j^RabFl)] - Roa" 



n"/j - -e'^'^Fbcij + 2Dbn-'ij 



(67) 
and uq^"^ jUQa^"^ jU^'' jUa^"^ jVa^"^ ,Vab^'^ are the Lagrange multipliers enforcing the first and second 
class constraints. We can observe, that by considering the second class constraints as strong equa- 
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tions the Hamiltonian (67) is reduced to that Hamihonian quantized in [12] where was performed 
the Hamihonian analysis on a smaller phase space. In this manner, we have here a best description 
at classical level than that reported in [12]. 
From the extended action we can identify the extended Hamiltonian which is given by 



He = H- uo'-'j'>ij - u^J'l^^u - u"-iij - Ua"j° 



IJ- 



(68) 



As wc Know, the equations of motion obtained by means of the extended Hamiltonian in general 
are mathematically different with the Euler-Lagrange equations, but the difference is unphysical [7]. 
We will continue this section computing the equations of motion obtained from the extended action. 
The equations of motion derived from the extended action are given by 



SU^u 


: A„" 


SAJ^ 


:n^j 


sn-ij 


:ia" 


SRoJ-' 


iHO^j 


SIl"-ij : 


D IJ 

-KOa 


SRab'-' ■■ 


Yjab 
ii IJ 


jm^j : 


6 IJ 

^ab 



Suoa'' ■■ f'^'lJ 



Su 



IJ 



SVa, 



IJ . ,,afc 



Mo 



IJ 



= [Aoj^ + uj^] U-jF - [Ao/^ + uj^] n-jF - ary«^= [DbRodj - DbU.u] 



_F 
F 



F , _F1 

F 



2 \ubi — Robi ] n° jp — 2 [ubj — Robj ] H" IF, 

'1 



-D„ ( -Ao 



I J 



.IJ 



+ {Ua 



I J 



Roa 



IJ\ 



IJ 



= Uoa 



n"/,7 - -v'^'^Fbcij + 2Dbn-''ij 
IJ 



-Ao^ j + u\j 



'-Ao 



JF 



.JF 



nab 
FI 



Rab F — 



^0 / + U 7 



Ao'^+u'^ 



jab 



^abc^ 



nao I ^aoc 

FJ + ^V VcIJ, 

Rab\ + Da {Ub^-' - Rob 



IJ\ 



Db {uj'' - Roa 



IJ\ 



Vab 



IJ 



W ■■ iij = 0, 



lij = 0, 



dUa'' -.j'^'lJ - 0, 



SvJ-' : X^j 



X^iJ = 0. 



(69) 
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III. I Gauge generator 

As we have showed, our modified theory presents a set of first class constraints. Therefore, we need 
to identify the form of gauge transformations generated for these constraints. For this part, we wih 
find the gauge transformations generated by the first class constraints (62) by using the Castellani's 
algorithm in essence constructing the follow gauge generator 

thus, we find the following gauge transformations on the phase space 



IJ ^ Oa 1 



(70) 



1.1 _ _jj ij , ij 
I. J - n„.„ I J 



SoRoa ' = DoEoa , 

SoRab ' = [DaEb — DbSa \ + [E RabF — £ RabF \ , 

(^oii /,/ = £o.7 n /i — eqi n ji + eqj n "/^ — e^j n "j^, 

^oHO"/ = 0, 

^oH""/,/ = -[n-\FE^.j-n'^\,FE^i]. (71) 

It is important to observe, that we obtain relevant results when are considered the second class con- 
straints as strong equations. By taking the second class constraints as strong equations, the gauge 
transformations obtained above are reduced to (47) which corresponds to Pontryagin theory. On 
the other hand, with all these results at hand, we can find in particular a close relation among the 
gauge transformations of this modified Pontirjagin theory and the gauge transformations reported 
in the case of a BF theory [21]. In fact, the modified version for the Pontryagin theory (equation 
(49)) has a BF form. However, in this work we find a big difference respect to [21], since in [21] we 
can observe that there exists only first class constraints, while in this work we have first and second 
class kind. The reason for that difference is because in [21] the Hamiltonian analysis was performed 
on a smaller phase space context and a complete analysis was not reported. 

23 



Just as in last section, we can introduce the new set of parameters eq^"' — s^'' = —£,''Ap^'^, 
Efi^'' — —^''Rp'n and taking on to account the equations of motion (51), we find that the gauge 
transformations take the next form 

RW'' ^ Rt..'' + C^R^.J■^ + e[D.Rt./-' + D^RpJ-' + DpR,^'-'], (72) 

where we can observe that corresponds to diffeomorphisms. In this manner, diffeomorphisms corre- 
sponds to an internal symmetry for the theory. It is important to remark that this result becomes 
to be important, because we have extended the number of dynamical variables by considering the 
1-form conexion A^'' and the two-form Rij as independent. Nevertheless, we have not lost the 
symmetries of Pontryagin theory. 

We can compare the results reported in this paper with the reported in [13] and [21] where the 
Hamiltonian analysis for topological theories has been performed on a smaller phase space context. 
However, in our work we have identified the complete form of the first class and second class con- 
straints, the extended Hamiltonian and the gauge transformations. In this sense, our methodology 
extends and complete the previous ones, thus we are showing a clear advantage when is applied a 
pure Dirac method for the theories under study. 



VI. Conclusions and prospects 

In this paper, we could present a clear and consistent application of a pure Dirac's method for 
constrained systems. By working with the original phase space we could perform the Hamiltonian 
dynamics for the Chern-Simons theory and for the Pontryagin invariant. With the present analysis 
we could identify for both theories the extended action, the extended Hamiltonian and the full con- 
straints program. The correct identification of the constraints as first and second class, allowed us 
carry out the counting of degrees of freedom, concluding that the theories under study corresponds 
to topological field theories. We could observe, that Chern-Simons theory and the Pontryagin invari- 
ant has a closed relation at Hamiltonian level. From one side, the Chern-Simons theory has presence 
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of first and second class constraints. From other side, Pontryagin theory presented only first class 
constraints and reducibility conditions among them. Thus, both theories are related by the action 
(1) and his Hamiltonian study indicates that the theories shares the principal symmetries namely; 
zero degrees of freedom and diffeomorphisms as gauge transformations. 

On the other hand, by extending the original configuration space for the Pontryagin theory we could 
perform the Hamiltonian analysis for this modified theory. We could observe that this extended 
theory shares the same symmetries with unmodified Pontryagin. Nevertheless, the price to pay for 
extending the configuration space is that now we have the presence of second class constraints while 
for unmodified Pontryagin we do not have it. But, by considering the second class constraints as 
strong equations, we can reproduce the results found for the Pontryagin invariant. 
As final conclusion of this paper, the results presented in this work allowed us to understand at 
Hamiltonian level the existing relation among Chern-Simons theory and the Pontryagin invariant. 
In this manner, we expect that these results will be useful to develop the quantum treatment for 
both theories, and thus, to obtain a best understanding for the quantum theory. In particular, the 
results of this article presents a best classical description than the results reported in [12] and [13]. 
Therefore, we can analyze the quantization aspects for the Pontryagin theory by using the context 
presented in this work, taking on to account the original configuration space. However, this impor- 
tant part will be reported in forthcoming works. 
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